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STABILITY RESULTS OF OCTAHEDRALITY IN TENSOR
PRODUCT SPACES
ABRAHAM RUEDA ZOCA
Abstract. We show that given a separable L1-predual X with the
Daugavet property and a finite-dimensional Hilbert spaceH thenX⊗̂piH
has an octahedral norm if, and only if, X⊗̂piH has the Daugavet prop-
erty. Furthermore, we show that if Y is a uniformly smooth Banach
space whose dual Y ∗ embeds isometrically into L1 and has a monotone
basis, then X⊗̂εY has an octahedral norm whenever X has an octahed-
ral norm.
1. Introduction
A Banach space X is said to have an octahedral norm if, for every finite-
dimensional subspace Y of X and every ε > 0, there exists x ∈ SX such
that the inequality
‖y + λx‖ ≥ (1− ε)(‖y‖ + |λ|)
holds for every y ∈ Y and every λ ∈ R. Octahedral norms were intensively
studied at the end of the eighties [6, 8, 9]. Recently, continuing with a
research line started by R. Deville (see Proposition 3. and Remark (c) in
[6]), the authors of [2] gave a characterisation of octahedral norms in terms
of the presence of diameter two properties in the dual space (see [2] for
details). See also [10, 13] for further nice results and different reformulations
of octahedral norms.
Closely related to the Banach spaces with an octahedral norm are those en-
joying the Daugavet property. According to [12, Lemma 2.8], a Banach space
X has the Daugavet property if, and only if, for every finite-dimensional sub-
space Y of X, every ε > 0 and every slice S of BX we can find x ∈ S such
that
‖y + λx‖ > (1− ε)(‖y‖ + |λ|)
holds for every y ∈ Y and every λ ∈ R. Notice that from the previous
statement (which is a reformulation of the Daugavet property different from
the original definition introduced in [5]), if a Banach space has the Daugavet
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property then it has an octahedral norm. However, both definitions are far
from being equivalent. For instance, it is clear from the definition given
above that every slice of the unit ball of a Banach space with the Daugavet
property has diameter two, whereas ℓ1 is an example of a Banach space
having both an octahedral norm and the Radon-Nikodym property.
The characterisation of the octahedrality given in [2] has motivated a lot
of new results about octahedrality and Daugavet property in tensor product
spaces in the last few years (see [3, 4, 11, 13, 14, 15, 19] and references
therein). An open problem posed in this line [14, Question 4.4] is the fol-
lowing: given two Banach spaces X and Y , does X⊗̂piY have an octahedral
norm whenever X has an octahedral norm? There are some examples where
the answer is positive such as when X = L1(µ) (or more generally, when X
is a non-reflexive L-embedded space such that X∗∗ has the metric approx-
imation property [15, Theorem 4.3]), when the Cunningham algebra of X is
infinite-dimensional or when X is the dual of an ASQ space (say X∗) and Y
is a dual space (say of Y∗) such that X⊗̂piY = (X∗⊗̂εY∗)
∗ (see [14, Section
4]). However, to the best of our knowledge, this question still remains open.
It is even an open problem in the particular case when X is a Lipschitz-free
space (see [4, 17] and references therein for details on this space and Question
2 in [4]). In the injective case, it is known that the octahedrality is preserved
from both factors by taking injective tensor product [14, Theorem 4.2] but
not from one of them [15, Theorem 3.8]. The results of [15, Section 3] also
suggest a connection between the problem of preservance of octahedrality by
taking injective tensor products and finite representability in ℓ1. Motivated
by the previous results the aim of this note is to continue the study of how
is the octahedrality preserved by taking tensor product spaces.
The paper is organised as follows. In Section 2 we introduce notation
and some preliminary results. In Section 3 we obtain that if X is a separ-
able L1-predual with the Daugavet property and H is a finite-dimensional
Hilbert space, then octahedrality and the Daugavet property are equivalent
properties on X⊗̂piH. Finally, in Section 4 we improve the positive results
of [15, Section 3], proving for instance that, if a uniformly smooth Banach
space Y has a monotone basis, then Y ⊗̂εℓ1 has an octahedral norm if, and
only if, Y ⊗̂εX has an octahedral norm whenever X has an octahedral norm.
We also get some consequences in terms of the diameter two properties.
2. Notation and preliminaries
We will consider only real Banach spaces. Given a Banach space X, we
will denote the closed unit ball and the unit sphere of X by BX and SX
respectively. Moreover, given x ∈ X and r > 0, we will denote B(x, r) =
x+rBX = {y ∈ X : ‖x−y‖ ≤ r}. We will also denote by X
∗ the topological
dual of X. Given a bounded subset C of X, we will mean by a slice of C a
set of the following form
S(C, x∗, α) := {x ∈ C : x∗(x) > supx∗(C)− α}
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where x∗ ∈ X∗ and α > 0. If X is a dual Banach space, the previous set
will be a w∗-slice if x∗ belongs to the predual of X. A Banach space X is
said to be an L1-predual if there exists a measure space µ such that X
∗ is
isometrically isomorphic to L1(µ).
Given two Banach spaces X and Y we will denote by L(X,Y ) the space
of all linear and bounded operators from X to Y , and we will denote by
X⊗̂piY and X⊗̂εY the projective and the injective tensor product of X and
Y . Moreover, we will say that X has the metric approximation property if
there exists a net of finite-rank and norm-one operators Sα : X −→ X such
that Sα(x)→ x for all x ∈ X. See [20] for a detailed treatment of the tensor
product theory and approximation properties.
As we have pointed out, a Banach space X has an octahedral norm if,
for every finite-dimensional subspace Y of X and every ε > 0, there exists
x ∈ SX such that the inequality
‖y + λx‖ ≥ (1− ε)(‖y‖ + |λ|)
holds for every y ∈ Y and every λ ∈ R. In [9, Lemma 9.1] it is proved,
making use of the the ball topology (see below), that a separable Banach
space X has an octahedral norm if, and only if, there exists an element
u ∈ X∗∗ \ {0} such that the equality
‖x+ u‖ = ‖x‖+ ‖u‖
holds for every x ∈ X. Notice that, since the previous inequality is ho-
mogeneous in u, we can assume with no loss of generality that u ∈ SX∗∗ .
The previous inequality can be easily characterised in terms of an extension
property of functionals. In order to simplify future arguments, we will state
the following easy lemma with a sketch of proof.
Lemma 2.1. Let X be a Banach space and let V be a subspace of X. Let
x ∈ SX . Then the following assertions are equivalent:
(1) For every v ∈ V the equality ‖v + x‖ = 1 + ‖v‖ holds.
(2) For every v∗ ∈ V ∗ there exists an extension x∗ ∈ X∗ such that
‖x∗‖ = ‖v∗‖ and x∗(x) = ‖v∗‖.
Proof. (1)⇒ (2). Given a linear and continuous functional v∗ : V −→ R,
define
f : V ⊕ Rx −→ R
v + λx 7−→ v∗(v) + λ‖v∗‖.
It is obvious that f is linear. Moreover, given v + λx ∈ V ⊕ Rx, we get
f(v + λx) = v∗(v) + λ‖v∗‖ ≤ ‖v∗‖(‖v‖ + |λ|) = ‖v∗‖‖v + λx‖,
where the last inequality trivially follows from the assumptions. Consequently
‖f‖ = ‖v∗‖ as element of (V ⊕ Rx)∗. Now such an x∗ can be found as a
Hahn-Banach extension of f .
(2)⇒ (1). Pick v ∈ V and let us prove that ‖v + x‖ = 1 + ‖v‖. To this
aim let v∗ ∈ SV ∗ such that v
∗(v) = ‖v‖. Consider by the assumption a
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functional x∗ ∈ SX∗ which extends to v
∗ and such that x∗(x) = 1. Now
‖x+ v‖ ≥ x∗(x+ v) = 1 + v∗(v) = 1 + ‖v‖.
Since the reverse inequality trivially holds by triangle inequality the lemma
is proved. †
We will also need an extension of [9, Lemma 9.1], for which we need to
introduce the ball topology. According to [9], given a Banach space X, the
ball topology, denoted by bX , is defined as the coarsest topology on X so that
every closed ball is closed in bX . As a consequence, a basis for the topology
bX is formed by the sets of the following form
X \
n⋃
i=1
B(xi, ri),
where x1, . . . , xn are elements of X and r1, . . . , rn are positive numbers.
Proposition 2.2. Let X be a separable Banach space and let V be a norming
subset of SX , that is, satisfying that ‖x
∗‖ = sup
x∈V
x∗(x). Then, the following
assertions are equivalent:
(1) There exists a sequence {vn} in V such that, for every weak-star
cluster point v of {vn} in BX∗∗, the equality
‖x+ v‖ = ‖x‖+ ‖v‖
holds for every x ∈ X.
(2) X has an octahedral norm.
(3) If V ⊆
n⋃
i=1
B(xi, ri) for ri > 0 and xi ∈ BX for every i ∈ {1, . . . , n}
then there exists i ∈ {1, . . . , n} such that BX ⊆ B(xi, ri).
(4) For every non-empty bX open subsets O1 and O2 of BX it follows
that V ∩ (O1 ∩O2) 6= ∅.
Proof. (1)⇒ (2) is obvious. (2)⇒ (3). Assume, as in the hypothesis, that
V is covered by finitely many closed balls, say V ⊆
n⋃
i=1
B(xi, ri), and let us
prove that there exists i ∈ {1, . . . , n} such that ri ≥ 1 + ‖xi‖. If, for every
i ∈ {1, . . . , n}, ri < 1 + ‖xi‖ then we would have, by [17, Lemma 3.2], the
existence of a point x ∈ V such that
‖xi − x‖ > ri
for every i ∈ {1, . . . , n}, which would imply that x ∈ V \
n⋃
i=1
B(xi, ri), a
contradiction. So (3) holds. Now the proof of (3)⇒ (4) (respectively (4)⇒
(1)) follows by the same arguments than in the implications of (2)⇒(1)
(respectively (1)⇒(4)) in [9, Lemma 9.1]. †
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Closely related to the Banach spaces with an octahedral norms are the
Banach spaces with the Daugavet property. A Banach space X is said to
have the Daugavet property if every rank-one operator T : X −→ X satisfies
the equation
‖T + I‖ = 1 + ‖T‖,
where I : X −→ X denotes the identity operator. Examples of Banach
spaces with the Daugavet property are C(K) for a perfect space K or L1(µ)
and L∞(µ) for an atomless measure µ (see e.g. [12, 21] and references therein
for details and background on the Daugavet property). It is known [12] that
a Banach space X has the Daugavet property if, and only if, for every ε > 0,
every point x ∈ SX and every slice S of BX there exists a point y ∈ S
such that ‖x+ y‖ > 2− ε. Consequently, it is straightforward that Banach
spaces with the Daugavet property have an octahedral norm [12, Lemma
2.8]. Moreover, using similar techniques to the ones of [9, Lemma 9.1] it has
been recently proved in [19, Theorem 3.2] that a separable Banach space X
has the Daugavet property if, and only if, for every functional x∗ ∈ SX∗ and
every ε > 0 there exists an element u ∈ SX∗∗ such that u(x
∗) > 1 − ε and
such that the equality
‖x+ u‖ = 1 + ‖x‖
holds for every x ∈ X.
3. Octahedrality and Daugavet property in projective tensor
products with Hilbert spaces
Let X and Y be separable Banach spaces. Then X⊗̂piY is separable.
Assume that X⊗̂piY has an octahedral norm. Notice that by [9, Lemma 9.1]
there exists an element w ∈ (X⊗̂piY )
∗∗ such that
‖z + w‖ = ‖z‖ + ‖w‖
holds for every z ∈ X⊗̂piY . In the sequel we will prove that, in the special
case of being Y finite-dimensional, such a w can be found of the form w =
u⊗ y for y ∈ SY and u ∈ SX∗∗ satisfying that
‖x+ u‖ = 1 + ‖x‖
holds for every x ∈ X.
Proposition 3.1. Let X and Y be two separable Banach spaces. Assume
that Y is finite-dimensional and that X⊗̂piY has an octahedral norm. Then
there exists u ∈ SX∗∗ satisfying
‖x+ u‖ = 1 + ‖x‖ ∀x ∈ X
and there exists y ∈ SY such that
‖z + u⊗ y‖ = 1 + ‖z‖
holds for every z ∈ X⊗̂piY .
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Notice that this reproves [15, Proposition 4.1] under the assumptions of
the above proposition since the thesis implies thatX does have an octahedral
norm.
Proof. Since X⊗̂piY has an octahedral norm and it is separable we get, by
Lemma 2.2, the existence of a sequence {xn ⊗ yn} ⊆ SX ⊗SY such that, for
any w∗-cluster point w ∈ (X⊗̂piY )
∗∗, then
‖z +w‖ = 1 + ‖z‖
holds for every z ∈ X⊗̂piY . Let us find a cluster point of such sequence of
the form u ⊗ y for u ∈ SX∗∗, y ∈ SY . To this end notice that, up taking a
further subsequence, we can assume that {yn} is norm convergent to some
y ∈ SY . Moreover, we can assume, up taking a further subnet, that {xn}
is weak-star convergent to some u ∈ BX∗∗ . Now we claim that {xn ⊗ yn}
is weak-star convergent to u⊗ y ∈ B(X⊗̂piY )∗∗ . To this end, take a non-zero
T ∈ L(X,Y ∗) = (X⊗̂piY )
∗, and let us prove that T (xn)(yn) → T (u)(y) =
u(y ◦ T ). Pick ε > 0 and notice that, since {yn} → y in the norm topology,
we can find m1 ∈ N such that n ≥ m1 implies ‖yn − y‖ <
ε
2‖T‖ . Moreover,
since y ◦ T ∈ X∗ and {xn} → u in the weak-star topology of X
∗∗, we can
find m2 ∈ N such that n ≥ m2 implies |(y ◦ T )(xn − u)| <
ε
2 . Now, for
n ≥ max{m1,m2}, we have
|T (xn)(yn)−T (u)(y)| ≤ |(y◦T )(xn−u)|+|T (xn)(yn−y)| <
ε
2
+‖T‖‖yn−y‖ < ε.
Since ε > 0 was arbitrary we conclude the convergence condition. From the
property of the sequence {xn ⊗ yn} we get
‖z + u⊗ y‖ = 1 + ‖z‖ ∀z ∈ X⊗̂piY.
In order to deduce the condition on u it remains to apply the previous
equality to z = x⊗ y running x ∈ X. †
In order to save notation we will consider the following definition.
Definition 3.2. Let X be a Banach space and let V be a subspace of X. We
will say that an element x ∈ X is ℓ1 orthogonal to V in X (or ℓ1 orthogonal
to V when no confussion arises) if the equality
‖v + x‖ = 1 + ‖v‖
holds for every v ∈ V . Notice that the previous condition is equivalent to
the equality
‖v + λx‖ = ‖v‖ + |λ|
for every v ∈ V and every λ ∈ R.
Let X and Y be separable Banach spaces. Assume that X has an octa-
hedral norm and that Y is finite-dimensional. We know that in order to
prove that X⊗̂piY has an octahedral norm then it is necessary and sufficient
to find u ∈ SX∗∗ being ℓ1 orthogonal to X and y ∈ SY such that
‖z + u⊗ y‖ = 1 + ‖z‖
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holds for every z ∈ X⊗̂piY . At a first glance, it seems that the previous
equality does depend on the choice of u and y satisfying the required con-
ditions. However, the following technical lemma proves that this is not the
case when dealing with octahedral L1 preduals and finite-dimensional Hil-
bert spaces.
Lemma 3.3. Let X be a separable L1-predual and Y be a finite-dimensional
Hilbert space. Assume that there exists an ℓ1 orthogonal v to X and z ∈ SY
such that
‖w + v ⊗ z‖ = 1 + ‖w‖
holds for every w ∈ X⊗̂piY . Then, for every ℓ1 orthogonal u to X and every
y ∈ SY , it follows
‖w + u⊗ y‖ = 1 + ‖w‖
holds for every w ∈ X⊗̂piY .
Proof. Before beginning the proof, notice that X⊗̂piY is an isometric sub-
space of X∗∗⊗̂piY [20, Theorem 6.5] and that X
∗∗⊗̂piY is an isometric sub-
space of (X⊗̂piY )
∗∗ since Y has the metric approximation property [18, The-
orem 1]. Because of this reason, proving ℓ1 orthogonality of an element
u ⊗ y ∈ X∗∗⊗̂piY to X⊗̂piY in X
∗∗⊗̂piY is equivalent to consider such ℓ1
orthogonality in (X⊗̂piY )
∗∗. Throughout this proof we will consider ℓ1 or-
thogonality in X∗∗⊗̂piY because we prefer to apply Lemma 2.1 and deal
with elements of (X∗∗⊗̂piY )
∗ = L(X∗∗, Y ∗) rather than with elements of
(X⊗̂piY )
∗∗∗ = L(X,Y ∗)∗∗.
Now we can begin the proof, which we will divide in two steps.
Step 1: For every y ∈ SY the equality ‖w + v ⊗ y‖ = 1 + ‖w‖ holds for
every w ∈ X⊗̂piY . To this end, by Lemma 2.1, we will show that, for every
T ∈ SL(X,Y ∗), there exists a norm-preserving extension T¯ ∈ SL(X∗∗,Y ∗) such
that T¯ (v)(y) = 1. To this aim pick y ∈ SY and, since Y is a Hilbert space,
there exists a linear surjective isometry φ : Y −→ Y such that φ(z) = y.
Now consider S = φ−1◦T (we consider Y = Y ∗ in the canonical way as being
Y a Hilbert space) and notice that ‖S‖ = ‖T‖ since φ is an isometry. By
assumptions and by Lemma 2.1 there exists a norm-preserving extension
S¯ : X∗∗ −→ Y ∗ of S such that S¯(v)(z) = 1, which clearly implies that
S¯(v) = z. Finally define T¯ = φ ◦ S¯. First, ‖T¯‖ = ‖S¯‖ = ‖T‖. Moreover
T¯ (v) = φ(S¯(v)) = φ(z) = y and so T¯ (z)(y) = 1. Finally, T¯ is an extension
of T because, given w ∈ X⊗̂piY , it follows
T¯ (w) = φ(S¯(w)) = φ(φ−1(T (w))) = T (w).
From the arbitrariness of T we deduce from Lemma 2.1 that
‖w + v ⊗ y‖ = 1 + ‖w‖
holds for every w ∈ X⊗̂piY , as desired. Notice that the previous inequality
implies that
(3.1) ‖w + v ⊗ y‖ = ‖w‖ + ‖y‖
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holds for every w ∈ X⊗̂piY and every y ∈ Y .
Step 2: For any ℓ1 orthogonal u ∈ SX∗∗ to X and any y ∈ SY then
‖w + u⊗ y‖ = 1 + ‖w‖
holds for every w ∈ X⊗̂piY . To this end, notice that (X ⊕ Rv)⊗̂piY is an
isometric subspace of X∗∗⊗̂piY . Indeed notice that, given
∑n
i=1(xi+ λiu)⊗
yi ∈ (X ⊕ Rv)⊗̂piY , then∥∥∥∥∥
n∑
i=1
(xi + λiv)⊗ yi
∥∥∥∥∥
(X⊕Rv)⊗̂piY
=
∥∥∥∥∥
n∑
i=1
xi ⊗ yi + v ⊗
(
n∑
i=1
λiyi
)∥∥∥∥∥
(X⊕Rv)⊗̂piY
≤
∥∥∥∥∥
n∑
i=1
xi ⊗ yi
∥∥∥∥∥
(X⊕Rv)⊗̂piY
+
∥∥∥∥∥
n∑
i=1
λiyi
∥∥∥∥∥
≤
∥∥∥∥∥
n∑
i=1
xi ⊗ yi
∥∥∥∥∥
X⊗̂piY
+
∥∥∥∥∥
n∑
i=1
λiyi
∥∥∥∥∥
(3.1)
=
∥∥∥∥∥
n∑
i=1
xi ⊗ yi + v ⊗
(
n∑
i=1
λiyi
)∥∥∥∥∥
X∗∗⊗̂piY
.
Since the reverse inequality holds in general in the context of projective
tensor product theory (see e.g. [20, pp. 30]) we conclude that (X⊕Rv)⊗̂piY
is an isometric subspace of X∗∗⊗̂piY . Now pick an ℓ1 orthogonal u ∈ SX∗∗ to
X and let us prove that (X ⊕Ru)⊗̂piY is an isometric subspace of X
∗∗⊗̂piY .
For this, making use of [20, Corollary 2.12], we will show that, given an
operator T : X ⊕ Ru −→ Y ∗, there exists a norm-preserving extension
Tˆ : X∗∗ −→ Y ∗. Define ϕ : X ⊕ Rv −→ X ⊕ Ru by ϕ(x + λv) = x + λu
and notice that ϕ is a linear surjective isometry. Since (X ⊕ Rv)⊗̂piY is
an isometric subspace of X∗∗⊗̂piY we can find, by [20, Corollary 2.12], a
norm-preserving extension T¯ : X∗∗ −→ Y ∗ of T ◦ ϕ. Now consider i ◦ ϕ−1 :
X ⊕ Ru −→ X∗∗, where i : X ⊕ Rv →֒ X∗∗ denotes the canonical inclusion
operator. Since X∗∗ is an L1 predual we get by [16, Theorem 6.1, (5)]
that there exists a norm-preserving extension Φ : X∗∗ −→ X∗∗∗∗ of i ◦ ϕ−1.
Denote by π : X∗∗∗∗ −→ X∗∗ the (norm-one) Dixmier projection. Then
π◦Φ : X∗∗ −→ X∗∗ is a norm-one operator. Moreover, given x+λu ∈ X⊕Ru,
then
π(Φ(x+ λu)) = π(i ◦ ϕ−1(x+ λu)) = π(x+ λv) = x+ λv
since x+λv ∈ X∗∗ and π is a projection. Now define Tˆ = T¯ ◦π◦Φ : X∗∗ −→
Y ∗, which satisfies that ‖Tˆ ‖ = ‖T‖. Moreover, given x ∈ X, it follows
Tˆ (x) = T¯ (π(Φ(x))) = T¯ (x) = (T ◦ ϕ)(x) = T (x).
Furthermore,
Tˆ (u) = T¯ (v) = (T ◦ ϕ)(v) = T (u).
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Consequently, by [20, Corollary 2.12] we get that (X ⊕ Ru)⊗̂piY is an iso-
metric subspace of X∗∗⊗̂piY . Since it is clear that
‖z + u⊗ y‖(X⊕Ru)⊗̂piY = 1 + ‖z‖X⊗̂piY
since X ⊕ Ru = X ⊕1 R (see e.g. the proof of [19, Lemma 3.5] for details)
we get that
‖z + u⊗ y‖X∗∗⊗̂piY = 1 + ‖z‖
holds for every z ∈ X⊗̂piY , and the lemma is proved. †
As a consequence of the previous lemma we get the following consequence.
Theorem 3.4. Let X be a separable predual of L1 with the Daugavet prop-
erty and Y be a finite-dimensional Hilbert space. If X⊗̂piY has an octahedral
norm, then X⊗̂piY has the Daugavet property.
Proof. By Lemma 3.3 and Proposition 3.1, for every ℓ1 orthogonal u to X
and every y ∈ SY , the following equality
‖z + u⊗ y‖ = 1 + ‖z‖
holds for every z ∈ X⊗̂piY . Let us now prove that X⊗̂piY has the Daugavet
property. To this end pick a slice S = S
(
BX⊗̂piY , T, α
)
and a point x⊗y ∈ S.
Since X is separable and has the Daugavet property, by [19, Theorem 3.2]
we can find u ∈ S(BX∗∗ , y ◦ T, α) such that
‖x+ u‖ = 1 + ‖x‖
holds for every x ∈ X. Consequently we get that
‖z + u⊗ y‖ = 1 + ‖z‖
holds for every z ∈ X⊗̂piY . Since u ⊗ y ∈ S(B(X⊗̂piY )∗∗ , T, α) then X⊗̂piY
has the Daugavet property by [19, Theorem 3.2]. †
The previous theorem motivates the following question
Question 1. Given a finite-dimensional Hilbert space H, does L∞⊗̂piH
have the Daugavet property?
Notice that a negative answer would imply, by using theory of almost
isometric ideals (see e.g. [19] for the interplay of almost isometric ideals,
Daugavet property and the projective tensor product) that there exists a
separable L1-predual with the Daugavet property X such that X⊗̂piH fails
to have an octahedral norm, solving [14
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4. A remark on octahedrality in injective tensor products
The results of [15, Section 3] prove that the octahedrality of the norm is
not preserved from one factor by taking injective tensor product. Indeed, it
is characterised when the space ℓnp ⊗̂εℓ1 has an octahedral norm in terms of
p ∈ [1,∞] and n ∈ N. It turns out that the above space has an octahedral
norm if, and only if, (ℓnp )
∗ embeds isometrically in L1. In the sequel we will
see that the hypothesis of being isometrically embedded in L1 has stronger
implications related to octahedrality in injective tensor products. In order
to show that, we shall begin with the following theorem, which can be seen
as a generalisation of [15, Theorem 3.2]. We refer the reader to [1] for
background on Schauder bases.
Theorem 4.1. Let Y be a Banach space which embeds isometrically in L1
and has a monotone basis. Let X be a Banach space with an octahedral norm
and consider a subspace H ⊆ L(Y,X) containing finite-rank operators. Then
H has an octahedral norm.
Proof. Pick T1, . . . , Tn ∈ SH and ε > 0, and let us find T ∈ H with ‖T‖ ≤ 1
such that ‖Ti + T‖ > 2 − ε holds for every i ∈ {1, . . . , n}. This is enough
in view of [10, Proposition 2.1]. To this end, consider xi ∈ SY such that
‖Ti(xi)‖ > 1 −
ε
32 for every i ∈ {1, . . . , n}. Consider Pk : Y −→ Pk(Y ) the
projections associated to the monotone basis. Note that we can find k ∈ N
such that ‖Pk(xi)‖ ≥ 1 −
ε
32 holds for every i ∈ {1, . . . , n}. Since Y ⊆ L1
then Y is finitely representable in ℓ1. As Pk(Y ) is finite-dimensional then we
can find ϕ : Pk(Y ) −→ ℓ1 such that ‖ϕ‖ ≤ 1 and such that ‖ϕ(Pk(xi))‖ >
1− ε32 . Denote, for every natural number p, by Qp : ℓ1 −→ ℓ1 the projection
onto the first p coordinates. By the ℓ1 norm we can find p ∈ N such that
‖Qp(ϕ(Pk(xi)))‖ > 1−
ε
32 .
Define now F := span{Ti(xi) : 1 ≤ i ≤ n}, which is a finite-dimensional
subspace of X. Since X has an octahedral norm we can find z1, . . . , zp ∈ SX
such that:
(1) ‖f + z‖ >
(
1− ε32
)
(‖f‖ + ‖z‖) holds for all f ∈ F and every z ∈
Z := span{z1, . . . , zp}.
(2) Z is 1 + ε32 isometric to Qp(ℓ1).
From (2) we can consider a norm-one map Φ : Qp(ℓ1) −→ Z such that
‖Φ(Qp(ϕ(Pk(xi))))‖ > 1−
ε
32 . Define finally Ψ = i◦Φ◦Qp◦ϕ◦Pk : Y −→ X,
where i : Z →֒ X denotes the inclusion operator. Since Pk is a finite-rank
operator we conclude that Ψ is a finite-rank operator and then Ψ ∈ H.
Moreover
‖Ψ‖ ≤ ‖i‖‖Φ‖‖Qp‖‖ϕ‖‖Pk‖ ≤ 1.
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Finally notice that ‖Ψ(xi)‖ > 1−
ε
32 holds for every i ∈ {1, . . . , n}. Moreover,
since Ψ(Y ) ⊆ Z, we get from (1) that
‖Ti +Ψ‖ ≥‖Ti(xi) + Ψ(xi)‖ >
(
1−
ε
32
)
(‖Ti(xi)‖+ ‖Ψ(xi)‖)
>
(
1−
ε
32
)(
1−
ε
32
+ 1−
ε
32
)
> 2−
ε
8
Since ε > 0 was arbitrary we conclude the desired result. †
Remark 4.2. (1) Note that the above proof obviously works when Y is
finite-dimensional. In such case, no projection Pk is needed in order
to construct Ψ.
(2) In case of being Y a dual space the hypothesis can be slightly
weakened if we assume that the projections Pk are weak
∗-to-weak
continuous.
Corollary 4.3. Let Y be a Banach space with a monotone shrinking basis
such that Y ∗ isometrically embeds into L1. Let X be a Banach space with an
octahedral norm and consider a closed subspace H of L(Y ∗,X) containing
X ⊗ Y . Then H has an octahedral norm.
Proof. The proof follows, word by word, the proof of Theorem 4.1, taking
into account that if Pk : Y −→ Pk(Y ) are are the projections of the basis
of Y then P ∗k : Y
∗ −→ P ∗k (Y
∗) are norm-one and weak∗-to-weak continuous
projections for the dual basis. So the operator Ψ defined in the proof of
Theorem 4.1 is a finite-rank and w∗−w continuous, so Ψ ∈ X ⊗Y ⊆ H. †
Let us obtain some consequences of the results exposed above. First of all,
let us give a consequence about octahedrality in injective tensor products.
Theorem 4.4. Let Y be a uniformly smooth Banach space with a monotone
basis. The following assertions are equivalent:
(1) For every Banach space X with an octahedral norm and for every
closed subspace H such that X ⊗ Y ⊆ H ⊆ L(Y ∗,X) it follows that
H has an octahedral norm.
(2) Y ⊗̂εX has an octahedral norm for every Banach space X with an
octahedral norm.
(3) Y ⊗̂εℓ1 has an octahedral norm.
(4) Y ∗ is finitely representable into ℓ1.
(5) Y ∗ embeds isometrically into L1.
Proof. (1)⇒ (2)⇒ (3) are clear. (3)⇒ (4) follows from [15, Lemma 3.7],
whereas (4)⇔ (5) is well known from theory of finite-representability (c.f,
e.g. [1, Chapter 11]). Finally (5)⇒ (1) is just Corollary 4.3 since Y is
reflexive as being uniformly smooth and so the monotone basis is shrinking
[1, Theorem 3.2.13]. †
We will end by giving a dual statement of the previous theorem when
considering H = L(Y,X∗).
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Corollary 4.5. Let Y be a uniformly convex Banach space with a monotone
basis. The following assertions are equivalent:
(1) Y ⊗̂piX has the SD2P whenever X has the SD2P.
(2) Y ⊗̂pic0 has the SD2P.
(3) Y is finitely representable into ℓ1.
(4) Y embeds isometrically into L1.
Remark 4.6. In [3, P. 177] it is wondered whether the SD2P is preserved from
one factor by projective tensor product, a question which was answered in a
negative way in [15]. In [3] it was conjectured that a candidate to counter-
example could be X⊗̂piℓ
2
2 for certain Banach space X with the SD2P. The
authors of [11] proved that this is not the case if X = c0. However, Corol-
lary 4.5 implies that X⊗̂piℓ
2
2 has the SD2P for every Banach space X with
the SD2P. In fact, since every two dimensional real Banach space embeds
isometrically into L1 [7, Corollary 1.4], X⊗̂piY has the SD2P whenever X
has the SD2P and dim(Y ) = 2.
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